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Abstract

The centre-of-mass system for many particles is stratified into strata by
the rotation group action. The principal stratum consists of nonlinear
configurations. The collinear configurations form a lower dimensional stratum.
Classical mechanics for many particles with nonlinear configurations and for
those with collinear configurations are set up on the tangent or cotangent
bundles over respective strata and can be reduced by the use of rotational
symmetry. A question arises as to how a many-body system behaves in a
neighbourhood of a collinear configuration. The system may make a vibration
to bend its collinear configuration, which is a motion taking place across the
boundary of the principal stratum. This paper deals with the behaviour of
those boundaries for three bodies in space. The equations of motion for small
vibrations as boundary behaviour at a collinear configuration will be given as a
limit of those equations of motion for nonlinear configurations by means of two
key facts: that the isotropy subgroup may act non-trivially on the tangent space
at the collinear configuration and that vibrations take place in a constant plane
in space. Further, the perturbation of small vibrations is studied by applying
Moser’s averaging method to show that small vibrations may give rise to finite
rotations after a sufficiently large number of periods.

PACS numbers: 02.40.—k, 31.15.—p

1. Introduction

The centre-of-mass system for many particles is stratified into strata according to the orbit types
of the rotation group action. The principal stratum consists of nonlinear configurations. The
collinear configurations form a lower dimensional stratum, which is a boundary of the principal
stratum. Quantum mechanics on the stratified centre-of-mass system has been discussed in [1].

0305-4470/05/255709+22$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 5709


http://dx.doi.org/10.1088/0305-4470/38/25/008
http://stacks.iop.org/ja/38/5709

5710 T Iwai and H Yamaoka

Classical mechanics for many particles with nonlinear configurations and for those with
collinear configurations are set up on the tangent or cotangent bundles over respective strata
and can be reduced by the use of rotational symmetry [2]. A question arises as to how a
many-body system behaves in a neighbourhood of a collinear configuration. The many-body
system may make a vibration to bend its collinear configuration. This motion takes place
across the lower dimensional stratum into the principal stratum. While each of the strata has a
different number of local coordinates, how can one describe such a vibration in terms of local
coordinates? This paper will deal with boundary motions such as small vibrations for a linear
molecule, where a many-body system is called a linear or a nonlinear molecule, according to
whether its stationary shape is collinear or nonlinear.

It is long since the theory of molecular vibrations was established (see [3], for example).
However, linear molecules were not discussed. In 1970, Watson [4] tried to discuss the
vibration—rotation Hamiltonian of linear molecules, but the boundary behaviour of a linear
molecule is still an open question. As stated above, this paper is concerned with small
vibrations of a linear molecule, since they are typical boundary behaviour of the linear
molecule. For this purpose, we start with vibrational motions for nonlinear configurations and
then deal with small deviations of a vibrational motion. For confirmation, we here give the
definition of vibrational motions; a motion is called vibrational, if its total angular momentum
vanishes. Small vibrations are then taken as small deviations at an equilibrium configuration,
so that they are interpreted as taking place in the vibrational subspace (see (2.10) for definition)
of the tangent space at the configuration. Since any ‘small’ neighbourhood of the origin of the
vibrational subspace is, of course, imbedded into the centre-of-mass system, small vibrations
are realized in the centre-of-mass system.

Keeping the above interpretation of small vibrations in mind, we study the boundary
behaviour of a three-body system in particular. The spaces of nonlinear configurations and of
collinear ones for a three-body system are of dimensions 6 and 4, respectively. Further, as is
well known, in small vibrations of a triatomic molecule, there are four linearly independent
vibration modes for a linear molecule, but only three modes for a nonlinear molecule.
This well-known fact corresponds to the fact that the vibrational subspaces at a nonlinear
configuration and at a collinear configuration are of dimensions 3 and 4, respectively. In
the study of small vibrations of a linear triatomic molecule, the difference in the degrees of
freedom and in the number of vibration modes should be taken into account and resolved
consistently to provide the equations of small vibrations. There are two keys to the problem.
One is the isotropy subgroup of the rotation group at a collinear configuration. The isotropy
subgroup keeps the collinear configuration fixed, but acts non-trivially on the tangent space
at the collinear configuration, and in particular on the vibrational subspace. The other is the
mechanical fact that the vibration takes place in a constant plane in space. By means of these
keys, it will be shown that the equations of small vibration for a linear triatomic molecule
result from those for a nonlinear triatomic molecule as a limit along with some additional
procedure. To be precise, three of the equations of small vibration are obtained by the limiting
procedure, and another equation of small vibration takes the same form as one (a bending
mode) of the three equations because of the symmetry.

Since vibrations may cause changes in configurations of the three-body system, a question
arises as to whether small vibrations give rise to finite rotations or not. It is shown that a
large number of periods of small vibrations may cause finite rotations, by applying Moser’s
averaging method [5] to the perturbation of small vibrations near an equilibrium for both a
linear and a nonlinear molecule.

The organization of this paper is as follows: stratified dynamical systems are reviewed
in section 2 in both the Lagrangian and the Hamiltonian formalisms. Section 3 deals with
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vibrations and small vibrations. Moser’s averaging method is reviewed, which will be applied
in sections 5 and 6 to show the existence of a periodic solution as a perturbation of the
small vibration of a triatomic molecule. Section 4 contains a review of three-body systems.
Sections 5 and 6 are concerned with small vibrations of a nonlinear and a linear triatomic
molecule, respectively. In particular, the equations of small vibrations for a linear triatomic
molecule are obtained as a limit from those for a nonlinear molecule. It is shown further
that small vibrations may give rise to finite rotations after a large number of periods of small
vibrations. Section 7 contains remarks on the boundary behaviour in the shape space. In
particular, how geodesics of the shape space behaves at the boundary of the shape space is
discussed.

2. A review of stratified dynamical systems

This section is a review of stratified dynamical systems for many particles in space (see [2]
for details). Let x; € R® and m ;j denote the position vectors and the masses of N particles,
respectively. The centre-of-mass system for N particles in space is then expressed as

M=1{x=(xy,...,xy) XN:mja:jzo . 2.1)
j=1
We introduce the Jacobi vectors, ry, k =1,..., N — 1, by
1 1\ 12 1 & k
T = (E + mk+1> (scm — E gmiw,) , Wi = gm, 2.2)

Then, the centre-of-mass system can be viewed as

M={x=(@r,....,ry D) eRk=1,...,N -1}, (2.3)
and x as a3 x (N — 1) matrix. The rotation group SO (3) acts on M in a natural manner,

X gx=(g7r,...,8"N-1), g€S0QA). 2.4)
According to the orbit type of the group action, M is stratified into the union of strata,

M=MUM, UM,, (2.5)

where M denotes the principal stratum which consists of x with rankx > 2, and M; and M,
are strata consisting of x with rank x = 1 and of x with rank x = 0, respectively. The strata M
and M| are interpreted as the spaces of nonlinear and of collinear configurations, respectively.
The stratum M, describes the state that all the particles collide at the origin.

We denote by 7 the natural projection

m:M— M/SOQ3), (2.6)

where the base space M /SO (3) is called the shape space. Since each stratum is invariant
under the SO (3) action, the projection (2.6) is also stratified into

M — M/SO3), My, — M/SO(3), Mo — My/SO(3). (2.7)

Classical Lagrangian systems are set up on 7 (M) for nonlinear configurations and on
T (M,) for collinear configurations, respectively. The respective Lagrangian systems are
reduced by the use of rotational symmetry to respective systems defined on vector bundles
over respective shape spaces M /SO(3) and M;/SO(3).
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We first review the Lagrangian system on T (M). The inertia tensor, A, : R® — R3,is
defined by

N-1

Ac(v) = Zfrk X (v X 1), R= R3, (2.8)
k=1

and the connection form w is defined for x € M to be

wy = R (A;‘ (Z rr X d'rk)> , (2.9)
k

where R : R — 50(3) is the isomorphism defined by R(a)x = a x « for a, = € R3. Note that
A_! exists only for x € M. The connection form w determines a direct sum decomposition
of the tangent space T, (M);

T.(M) =V, ® H,, (2.10)

where V, := T,(O,), the tangent space to the orbit O,, and H, := ker w,. Tangent vectors
in V, and in H, are called vertical (or rotational) and horizontal (or vibrational), respectively.
Further, V, and H, are orthogonal to each other with respect to the metric

N—1
ds® = " dri - dry. (2.11)
k=1

We now introduce local coordinates to describe the equations of motion. Leto : U — M
be a local section, where U is an open subset of M/SO(3). Then, any point x € 7~ (U) is
put in the form

x =go(q) =(g01(q), ..., 8on-1(q)), §€80@3), qeU. (212
We denote by (¢%) a system of local coordinates on U. In terms of local coordinates (g, g) on
7~ (U) = U x SO(3), the connection form is expressed as

Wgotq) = 8(87" dg + wo())g ™" (2.13)

where the form w; ;) is defined and expressed as

ws(g) = R (A;(‘q) (Z oi(q) x dm(q))) (2.14a)
k

3N—6
= Y Ad(g)dg”. (2.14b)
a=1

We introduce the 1-forms ®¢, a = 1, 2, 3, by putting

3
g dg+wo) = ) O“R(ey). (2.15)

a=1

Then the 1-forms dg® and ©“ form a local basis of the space of I-forms on 7~ !'(U).
According to the orthogonal decomposition (2.10), the metric (2.11) is broken up into the
sum of vibrational and rotational parts:

ds® =) " aupdg® dg’ + Y A,0°0", (2.16)
a,B a,b
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where (aqp) is the Riemannian metric projected from ds? through 7 as a Riemannian
submersion and (A,;) are the components of As() with respect to the standard basis;
A =€ - Aa(q) (ep).

Let(q, g, ¢, &) belocal coordinateson T (m ! (U)), where (¢, g) € #~'(U) and g = (4%).
In view of (2.15), we introduce an so(3)-valued variable IT and a vector-valued variable 7 by

3N—-6
M=g'¢g+ > Aul@)q® R(m) =TI, 2.17)

a=1

respectively.
On the tangent bundle 7 (M), a rotationally invariant Lagrangian is given by

1 1
_ - XY B b _
L = 3 agﬂ awpq®q” + 3 agb Apmin Vg), (2.18)

where 7 are components of 7w and V(g) denotes a potential function depending on

g € M/SO(3) only. By the use of rotational symmetry, the Euler—Lagrangian equations
for L reduces to equations defined on the vector bundle T(M/SO(3)) ® G, where G denotes
the adjoint bundle defined to be G := M x50 3) G With G = s0(3). The reduced equations are
given by

d aVv
.o o« B - of
5q + E Fﬂyq q}/ + E a W
B.y B
. 1 0As ()
= Eﬁ a"‘ﬁ ( Ey Aa(q)ﬂ' . K,ﬂyqy + 571’ . < 8qﬁq — [Aﬁ, Aa(q)]) ﬂ') y (219)

d -
E(Aa(q)ﬂ-) = Aq(q)ﬂ‘ X T — Aq(q)ﬂ' X ZAaq 5 (220)

o

where ng are the Christoffel symbols formed from the metric tensor a.g, and @ty =
(aaﬂ)’l, Ay = R(Ay), and K,g = R(kgp) are the curvature tensors defined by

INg A,
1(0”3 —

= S " ogh — [Aa. Agl. 2.21)

We note that equation (2.20) is equivalent to the conservation of the total angular momentum

N—1
L= Z T XTj=gAsqpT. (2.22)
j=1

In the Hamiltonian formalism, on introducing the variables p, and u by

Pe=Y awd’. = A, (2.23)
B
respectively, the equations of motion for the Hamiltonian

1 1
_ 7} ab
H = 2 agﬁ a*"pappg + 2 agb A oy +V (2.24)
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with (A%?) = (A,p)~" turn out to be given by

dg* p
- = Xﬂ:a P (2.254)

-1
dp oV 1 A
e _ Z BA _ 2 Z . By 2, . 2@ _ -1
a0 aM F/Sap)‘p“ oq° + B Kgpa’’ p, 2p < 5q° [Aa,Aa(q)] W,

B.h.u By
(2.25b)
™= A 1 (2.26a)
dp _
oo X Ag(lq)u —p X Za“ﬂpa)\,g. (2.26b)

o.p

These equations are defined on the vector bundle T*(M/SO(3)) @ G*, where G* =
M X$0(3) G* with G* = so(3)*.

A Lagrangian and a Hamiltonian system for collinear configurations are defined on the
tangent and the cotangent bundles, 7'(M,) and T*(M,), respectively, and are reduced by the
use of rotational symmetry. We do not give those equations of motion here (see [2]).

3. Vibrations and small vibrations

We restrict ourselves to vibrations which are defined to be motions having the vanishing total
angular momentum L = gA,)m™ = 0. Since A, ) is non-degenerate for o (g) € M,L=0
implies = = 0, which is a trivial solution to the rotational part (2.20) of the equations of
motion. Then the vibrational part (2.19) reduces to

d av
0 a =By af Z 7
dtq + E I's,q7q" + E a 2q? =0. 3.1)
By B
If this equation is solved by ¢(¢), then the condition 7 = 0 is written out, in turn, as
dg
= — Aa t / O[, 32
i g Ea (q(®)q (3.2)

which can be integrated to give g(¢). Then we obtain a vibrational motion x () = g(t)o (¢(¢))
in M. Note that since L = 0, one has x(¢) € H..
Let n = (n“) be a variational vector along a solution g (¢) to (3.1). In the same method for
obtaining the Jacobi equation for geodesic deviations, 7 is shown to be subject to the equation
D2 na
dr?

X Ryl e Hyg =0 33
B,y By

where D/dt denotes the covariant differentiation along the curve ¢(¢) with respect to the
Riemannian metric a,g, and Ruﬁ]‘j‘ and H,g := V, VgV are, respectively, the components
of the Riemann curvature tensor and the Hessian for V with V, denoting the covariant
differentiation (see [6]).

Let g(t) = go be an equilibrium point, a special solution to (3.1) with 5’7‘1(610) = 0. Then,
the variational equation (3.3) reduces to

dZna

82V
=2 AT aoWen’, Wy (q0). (3.4)
By

= dgvdqgP



Stratified dynamical systems and their boundary behaviour for three bodies in space 5715

Thoughn = (n*%) € T, (M/SO(3)),itcanbe horizontally liftedto % € H,, withx, € a7l (q0)-
Since M is an open subset of the Euclidean space M = R3 ¥~ the % can be viewed as a
small vibration about the equilibrium configuration xq in M.

Apart from small vibrations, we make a remark on local coordinates in a neighbourhood U
of gqo. Letvy € Hy,, ¢ = 1,...,3N — 6, be orthonormal vibrational vectors at xy € 7 (q0).
Take a geodesic x(t) = xo + ¢ Za cy Ve With ¢, constants, which describes a motion of free N
particles. Since x(¢) € H,(, the x(¢) is a horizontal geodesic. It then projects to a geodesic
7 (x(t)) in U with respect to the Riemannian metric (aq4). Hence, one obtains

7 (x(1)) = exp,, (r anmw) : 3.5)

where exp and m, denote the exponential map (see [7], for example) with respect to the
Riemannian metric (a4p) and the differential map of 7, respectively. Thus, the Cartesian
coordinates 7/, in H,, with respect to the orthonormal frame v, project to normal coordinates
in the neighbourhood of gy. Note that since the metric (a,g) on M /SO (3) is the one submersed
from the Euclidean metric on M, . (v,) are orthonormal with respect to the metric (aqg) as
well. An example will be given in section 5.

Conversely, the geodesic exp, 7n passing go in the direction of n € qu(M /S0Q3))
at t = 0 can be horizontally lifted to x(#) € M so as to pass an arbitrarily chosen point
xo € 1~ (go). Since the geodesic eXPy, 11 is a free particle motion in M /SO (3), the lift x(¢)
should be a straight line through x(, a geodesic in M. The (3N — 6)-dimensional plane, rather
an open subset of it, spanned by those straight lines is called the Eckart section by Littlejohn
etal [8,9].

We now review variational equations in the Hamiltonian formalism according to [10]. For
p = 0, equation (2.25) reduces to

dg“ op
= = Xﬁ:a P (3.6a)
dp, oV
e s _
= > aTh, papu et (3.6b)
Bh.um
which are the usual Hamilton’s equation associated with the Hamiltonian
1 67
—_ _ B
H_ZZa Papp + V. (3.7)
a.fp
We introduce a local frame E,, F* on the cotangent bundle T*(M /SO(3)) by
0 a a
E, = + re —. F* = . 3.8
ag* Z b ay apy ) G:8)
B.y
Let
Y = Zno‘Ea+Z§aF°’ (3.9)

be a vector field defined along a solution (¢ (#), p(¢)) to (3.6). If Y is a variational vector, it is
required to leave equation (3.6) invariant infinitesimally. It then turns out that ¥ should satisfy

dn“
— o =y B op
Tl ﬂgy s, q"n" + Eﬂ a*"¢g, (3.10a)
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dgy Y .
—C == Rpuad q"n" + ) Th,a"5s =) Hparl, (3.100)
B

dr
B By

where g% = > 5 a®f pp and H,g denotes the Hessian already introduced.
%

For an equilibrium point (gg, 0) with W(QO) = 0, the above equations reduce to
dn®
— B
ek E a*’tg, (3.11a)
B

diy

r Wean®, 3.11b
a Eﬁ Bal ( )

where a®f and Hg, = Wp, should be evaluated at g. These are equivalent to (3.4), of course.

In what follows, we discuss a perturbation of (3.11). We assume that the equilibrium
point (go, 0) is stable, and that solutions to (3.11) are all periodic with the same period. Then,
equations (3.11) are viewed as the equations of motion for the harmonic oscillator, and the
Hamiltonian (3.7) is looked upon as a perturbation of that for the harmonic oscillator.

We are now in a position to apply Moser’s averaging method for periodic motions [5, 11].
According to [5], a procedure for finding periodic solutions near an equilibrium is as follows:
let H be a perturbed Hamiltonian, H = H, + ¢H3 + ---, where H, is a homogeneous
polynomial of degree p in (x,y) € R” x R”, and where the orbits of the Hamiltonian
flow, ¢,, associated with H, are assumed to have all period 2. By stretching the variables
X — &x,y — ¢y, one can reduce the problem to a level surface Mg := H2’1(E) with E a
positive constant. The perturbation function will be Hy. Its average

2

H,= 1 @7 Hy dt (3.12)
2 0
is defined on the orbit space, M := Mg/S', where S' stands for the group determined by
¢,. We denote the projection by IT : My — M. Then, for every non-degenerate critical
point p € Mg of Hy, there exists a periodic solution to Hamilton’s equations of motion for
the perturbed Hamiltonian H in a neighbourhood of IT~'(p). We have to note that the level
surface M, is diffeomorphic with $?"~!, so that the orbit space My /S' is diffeomorphic with
CP" ', Since the Euler characteristic of CP"~! is n, the averaged Hamiltonian H, on the
orbit space has non-degenerate critical points, if Hy is regular. Thus, there exist periodic
solutions, in general, for H.

According to this procedure, equation (3.6) will admit a periodic solution to the extent
that the Hamiltonian (3.7) can be viewed as a perturbation of that for the harmonic oscillator
in a neighbourhood of (g, 0). If the potential function is chosen suitably, this will be the case.

For these periodic solutions g (¢), equation (3.2) will give rise to finite rotations, if
integrated. In fact, the vibrational motion x(¢) = g(#)o(q(¢)),0 <t < T, with g(0) = q(T)
yields a finite rotation g(T)g(0)~". Even if g(¢)g(0)~' is a small but finite rotation, after a
sufficiently large number of periods, 0 < t < nT, the rotation g(nT)g(0)~' may become big,
where n is the number of periods. In the following sections, we will apply this procedure
to a three-body system to show that small vibrations may give rise to finite rotations in the
centre-of-mass system.

4. Three-body systems

We are interested in the behaviour of many particles around collinear configurations. To
observe such behaviour in an explicit manner, we treat a three-body system in particular. This
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section is a review of three-body systems [2]. For a three-body system, the Jacobi vectors are

given by
nimy
ry =, —— (@ —x), (4.1a)
mi+mp
+ +
py = [0 *m) <m3 _ w) (4.10)
my +mo+ms mp+my

Note that x = (71, ;) € M < rankx > 2 and that x = (71, 3) € M; < rankx = 1. Using
the Jacobi vectors, we introduce shape (or internal) coordinates by

q =r1, g» =1rCO8Q, g3 = rysing, 4.2)
where
ry = |[lrll, ry = |72l 71Ty = rryCos Q. (4.3)

We note here that we have chosen to describe the coordinates with subscript indices.
We define a local section o (q) = (o1(g), o2(q)) by

o1(g) = qi€3, o2(q) = qre3 +gsey. 4.4

For a nonlinear molecule, the local section o is defined originally in an open subset U of
M /SO (3), so that ¢, and g3 have to be restricted to positive real numbers. However, we take
(91, g2, q3) as local coordinates beyond U,

{(q1, 92, ¢3)1q1 = 0, g3 = 0}. 4.5)

Then, we obtain a collinear shape if g3 = 0, and the state that two of three particles collide
but the remainder is separate, if g = 0. If g = g¢» = g3 = 0, we have a triple collision.
The three-body configurations are then described as x = go (q), where g € SO(3). If we put
g = e?R(e) gfR(e2) gV R(e3) in terms of the Euler angles, the local coordinates of M and of M,
are given by (q1, 2, q3, ¢, 6, ¥) and by (g1, g2, ¢, 6), respectively. If we operate o (g) with
eV k) the configurations go () = (71, ;) are expressed as

) = ePRE) IRE, o0 (4.6a)

Ty = e?R@) IR (4 es + g3 cos Ye, + g3 sinre,). (4.6b)

As is easily observed from this, a nonlinear configuration tends to a collinear configuration, if
q3z — 0.

In the following, we line up the quantities needed for studying the behaviour of the
three-body system. The inertial tensor and its inverse at o (g) is given by

ai+4; 0 419>
Aop=| 0 gi+as+q; O |, 4.7)
—q2q3 0 93
1 9
q; 0 aiqs
-1 i
Avo=|9 Fzz O | (4.8)
g 0 ar+a;

atas ar4;
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respectively. The connection form is expressed as

o) = MR( 5 4.9)
qi +q;5 +
which gives also the components AD, = R(A\y) of ws(g) = > Ay dg,. We observe from these
equations that A, () is degenerate for g3 = 0, and hence A;(lq) is not defined for g3 = 0. In
spite of this fact, the A,(q) has a limit as g3 — 0. The metric tensor and its inverse are
given by

1 0 0
i+ 9293
2
(agp) = a+a3+a;  ai+ai+al |, (4.10)
0 92493 ai+a3
2 2 2 2 2 2
qitqy+q3y  41+93tq;
1 0 0
2 2
qita3 92493
o —_— J— -0 T4
@ =10 o pall 4.11)
0 —2n ai+a3
2 2
q1 q1

respectively. We observe also from the above equations that for g3 = 0 the metric tensor and
its inverse remain non-degenerate. The top-left 2 x 2 submatix of (4.10) with g3 = 0 gives
the metric on M; /SO (3).

We have already shown [2] that if the constraints, g3 = 0, 13 = 0, g1¢2 — ¢241 = 0 are
satisfied, and if the potential is such that 3V =0 at g3 = 0, the equations of motion for a
nonlinear triatomic molecule reduce to those “for a linear triatomic molecule.

5. Nonlinear triatomic molecules

This section is concerned with small vibrations of a nonlinear triatomic molecule near an
equilibrium. We show that if all small vibrations have the same period 2z, the nonlinear
triatomic molecule is allowed to have a perturbed but still periodic motion in the shape space
M /SO(3), and further that the periodic motion gives rise to a finite rotation in M.

The Jacobi vectors for the three-body system were given by (4.1) in terms of position
vectors. Conversely, the position vectors are described as follows:

x| = —Nimyry — Nomsrs, (5.1a)
= Nymiry — Nomj3rs, (5.1b)
T3 = Nr(my +ma)rs, (5.1¢)
where
Ni = (mamy(my +m)) ™2, Ny = (m3(my +ma)(my +my +m3))~'/2. (5.2)

Now, we take a fixed configuration xo = (v, ;) = (aes, bey) with a, b > 0, which
is assumed to be an equilibrium configuration of a molecule in question. We are to study
small vibrations of this molecule at xy. A basis of the rotational subspace V,, = T, (OXU) at

= (aes, be)) is given by

up = R(el)(aeg, bel) = (—an, 0), (53a)
= R(ex)(aes, bey) = (ae(, —be3), (5.3D)
u3 = R(e3)(aes, bey) = (0, bey). (5.3¢)
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.+
U3 U3 U3

1’2\. /Ui ’02\ \.vl v /

U1 (2] V3

/o,

Figure 1. Vibrational vectors at a nonlinear configuration. The plane in which the molecule lies
is the e3—e; plane.

Vibrational vectors are those which are orthogonal to all the rotational vectors. We can take
three of them as

v = (beq, aey), (5.4a)
vy = (—bes, —aey), (5.4b)
vz = (aes, —bey), (5.4¢)

which form an orthogonal basis of Hy, := V.

We show that the vibrational vectors v,, @ = 1,2, 3, are realized as so-called normal
modes for the small vibration of a nonlinear triatomic molecule. To this end, we note that
the tangent vectors &; and 7; are related by equations similar to (5.1). Then, the component
tangent vectors vy := & for the vibrational vectors v,, @ = 1, 2, 3, are given, respectively,
by

v = —N1m2b61 — N21’I’l3a€3,
Vi, § Uy = N1m1b61 — NQVH36163, (5561)
v3 = Na(my +my)aes,

v = N1m2b€3 + N2m3ael,

Vy; § U = —N1m1b63 + szgael, (55[9)
v3 = —Nao(m; + mp)aey,
v = —N|m2(163 + N21’I’l3b€1,

V3; § V) = N1m1a63 + N2m3b61, (556‘)
V3 = —Nz(ml +H12)b61.

These are shown in figure 1, describing vibration modes. We have to remark here that
no equations of small vibration have been used to obtain these vibration modes. It is
to be noted further that the choice of v, is not unique. Another orthogonal basis of
H,,, (v}, v5, v5) = (v1, v2, v3)G with G € O(3), serves as normal modes for small vibrations.
The choice of the basis of H,, may be determined by the potential function.

Since the centre-of-mass system is Euclidean, open subsets of H,, containing the origin
of H,, is viewed as being immersed in M. Vibrational small displacements at x, are then
expressed as and given by

(6r1,8m2) = £ ) nlyva (5.6)

a=1

= e((—bny +ans)es + bnjey, anjes + (—an, — bny)ey),  (5.7)
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where ¢ is an infinitesimal parameter, and 7, denote the Cartesian coordinates of H,,, but
scaled by v/ a? + b2. We have found that the variational small displacement is put in the form

8r1 = e((—=bn, +any)e; +bnjer), 8ry = e(an| ez + (—an, — bny)e;). (5.8)

We now move to the tangent space TH(XU)(M /SO@3)) = m.H,,. We note first that, when
projected, (n,,) serve as local coordinates in a neighbourhood of 7 (xp). From (4.4), 7 (x¢)
is described as (g1, g2, q3) = (a,0,b). We denote by g, := en,, ¢ = 1,2, 3, the small
increment of the local coordinates ¢, at (g1, g2, g3) = (a, 0, b). We wish to find the relation
between 7,, and 7,. To this end, we recall that the local coordinates ¢, are expressed as

g1 = |71l g2 =711-12/|T1], g3 = |r1 x ral/[r]. (5.9
Differentiating these equations provides each of the infinitesimal increments dq,, at (a, 0, b)
in terms of 87, §r,. Putting them together with (5.8) results in

n = —bn, +ans, (5.10a)
a? + b?

mn = < . )n’l, (5.10b)

N3 = any + bnj. (5.10¢)

We have thus obtained two local coordinate systems, (1,) and (77,,), in a neighbourhood of
7 (x0) along with the transformation rule (5.10).
We now assume that small vibrations are driven by the potential function given by

2
r_ & 27 71\2
V=3 Ea:,ca(na) , (5.11)

where k,, are constants. This is because v, are regarded as normal modes for small vibrations
within a factor v/a? + b2, so that the original potential function V is approximated by the
quadratic function of the form (5.11) in a neighbourhood of gy = 7 (xo).

From (4.10), the metric tensor (aqg) is given, at (g1, ¢2, q3) = (a, 0, b), by

1 0 0
G:=(ap)=|0 £ 0]. (5.12)
0 0 1
Then, the equation of small vibration (3.4) is expressed, in vector form, as
d*n v
— = -G 'wp, W = , 5.13
a2 n ( 240945 (cIo)) (5.13)
which is diagonalized in the coordinates 7,
dzn/ 1=y 1 =1y 1 . 2,2 2
57 =G W, G~ W= mdlag(;cl,;<2,K3), (5.14)
where use has been made of the transformation laws
- 1 0 a O
G=M'GM, W=MWM  M=()=—" _[-b 0 —a
any, a? + b?
0 -b
(5.15)

In the Hamiltonian formalism, the equation of small vibration (3.11) is put in the form

dm\ (0 G"\(n 3 3
E(;)‘(—W 0)((), n,¢) € R x R°. (5.16)
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Since (', ¢') and (n, ¢) are subject to the transformation
n' = Mn, ¢'=m"e, (5.17)

the above equation is brought into the form

d 77, _ 0 G/fl 77,
i ()= %)) 180

_ 1
G ' = —h W' = diag(k?, k3, k), (5.18b)

where [ denotes the 3 x 3 unit matrix.
We wish to show that equation (3.6) as a perturbed equation of (5.16) admits a periodic
solution by following Moser’s procedure with the assumption that

K} =K} =«K}=a*+b" (5.19)

With this assumption, equation (5.18) gives rise to the S! action,

@O _ costl 05212;2] 1'(0)
e (é“/(f)> - (—(a2 +b%)sintl Cost1> (((0)) : (5.20)

We have two local coordinate systems, (1q, {x) and (77, £.), in a neighbourhood of
(g0, 0) € T*(U). The local coordinates (g, py) are related to (14, {y) by

(q1, 92, q3) = (a,0,b) + (1, N2, n3), (p1, P2, p3) = €(&1, £2, 83), (5.2D)

and (14, {y) and (1), ¢,) are subject to the transformation (5.17). We now assume that the
potential function is given, as a perturbation of (5.11), by

2

& / /. s
V= 5 Xz(a2 + b0 + et anPnhns, (5.22)

where A is a parameter to be determined later. We now expand the Hamiltonian (3.7) in the
coordinates (1., .), where (a*?) and V are given by (4.11) and by (5.22), respectively. A
calculation results in

¢ 2H = Hy+eHy +e*Hy + O(&Y), (5.23)
where
1 2 2 72 1 2
H2:§<(a +b);na+a2+b2;;; , (5.24a)
b / / / /
3= m(—a((a2 - bz)nz + 2017773)(1/2 + (a2 + bz)’?i{{(agz +b3)), (5.24b)
H, (a*((a® — b*)n)y + 2abn}) ((a® — 3b%)n) + dabn})¢)

T 2a%(a® + b2
—2a(a® +b*)n| ¢ ((@* — 2bH)n)y + 3abn})(ags + be3)
+(@® +bM) ' ag + bgy)?) + antnins. (5.24¢)

Let E be a positive number. The level surface H, Y(E) is diffeomorphic with a sphere §°,
on which the §' action (5.20) is defined. It is easy to show that the following functions are
invariant under the S' action ¢,

Lalh

_ 5.25
a’ +b? ( )

Eup = (a* + bz)n;n/’3 +



5722 T Iwai and H Yamaoka

Lop = 0,85 — LMl (5.26)
These invariants satisfy the relations

EuwE, = EquEgy + LovLgy, (5.27)
and

E=E +En+En on H;'(E). (5.28)

We now average the functions H,, Hs, Hy. Let

. 1 (2

H,:= ) ¢ H,dt. (5.29)
One can easily obtain

Hy = 3(E\1 + Ex + E33), H;=0. (5.30)
Using the formulae

2
37 ), OO dt = g s (Bup By + Eud B+ B Ep), (5.31)
1 [ 1

2 ), & (n5¢,¢,) dt = g(EaﬁEuv +2LapLgy — LapLyy), (5.32)

we average H, to obtain
— 1

— 2 2,2 2 2 4 2,2, 14

H4 = m(b E11(8a b E22 — 2ab(7a +3b )E23 + (3(1 —4a°b”+b )E33)

+2(4a*(a® — b*)L3, +2ab(8a* — a*b* — b*) Ly L3

2 4 212 14y72

+b°(15a" +8a“b” + b )LSI)) + m(3E11E23 — 2Ly L3y). (5.33)

If we set
b*(7a* + 3b?)
A= 7 (5.34)
3a3
we have H 4 expressed as
Hy=————— (b*(E — Ex, — E33)(8a°b*Ex + (3a”* — 4a’b* + b*)E
Y= Ted @ + b2y ( ( 22 — E33)(8a"b"Ey + (3a a )E33)
10
+2 <4a2(a2 —bH)L3, +2ab <8a4 - ?azbz — b4> Lo L
+b*(15a* + 8a*h* +b4)L§1)) : (5.35)

which is described in the variables Ey,, E33, Ly1, L3; only. We may take those variables as
local coordinates of the orbit space S°/S! = CP2, since they are mutually independent and
invariant under the ¢,.

Our next task is to find a critical point for H,4 and to prove that the critical point is
non-degenerate. A straightforward calculation shows that if the matrices

s 16a2b> (@ +b*)(3a* + b?)

A== ((a2 +b1)(3a’ +b*) 2(a® — b*)(3a* — b?) (5.36)
B 4a?(a® — b?) 2ab(3a® + b*)(4a® — 3b?) (5.37)
~ " \Zab(3a® +b*)(4a® - 3b%) b (3a® +b)(5a> + b?) '
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are both non-degenerate, a critical point p for Hy is given by

—b*(@® — b (Ba?* — b*)(3a* — 12a>b* + b*) E

E)y = , 5.38
2 det A ( @)
8a%b®(B3a* — 12a%h? + b*
Eyy = S0 Ga a ), (5.38)
det A
Ly = L3 =0, (5.38¢)

and further that it is non-degenerate. In fact, the Hessian for H is given by

Hess H, = ! A0 5.39
S = 6at (a2 + b2 <0 B) (5.39)
with respect to the coordinates Ey, Es3, Ly, L3;. Thus, we conclude that there exists a
periodic solution in a neighbourhood of I1~!(p), where IT : §5 — §°/S!.

We are now interested in a question as to whether small vibrations give rise to finite
rotations or not. If the three-body system makes vibrational motions only, it satisfies the
condition that # = 0, which is written out as (3.2). Since we are working with small
vibrations, we may set

g =¢e*, g =qo+en, £ € 50(3). (5.40)
Then, equation (3.2) reduces, at the order O (¢), to
E==>" Aulg0)ila- (5.41)

Integrated with respect to time, this equation provides £(¢) as a periodic function, if n(z), a
solution to (5.13), is periodic. This means that no effective rotation is caused by periodic
small vibrations in the approximation of order O (¢).

We have already obtained a perturbed periodic solution by Moser’s procedure, which
is well approximated by (q(t), p(t)) = (qo + en(t),e¢(¢t)) with a suitable initial state
(n(0), ¢(0)). With this periodic solution, we may take into account the higher order term
which was ignored in (5.41):

dg IA
-1 . 2 o . 3
o _ Ay o — — o« + 0(&7). 5.42
” € Xa: (90)7)e — € azﬁ: 24 (qo)ngi (e”) (5.42)
For simplicity, we take the periodic solution as approximated by ¢ (1) = qo + M ~'n/(t) with

ny(t) = ¢y sint, n5(t) = ¢z cost, n5(t) = c3sint. (5.43)
Using these functions together with (5.10), we obtain, after integration,

IAq nro 2(a*> = b?)
e ; @(qo) /(; ngfe dt = ne chzn R(ey). (5.44)

This shows that for a sufficiently large n, the quantity en becomes of order O (1), if a # b.
In other words, if a # b, after a sufficiently large number of periods of a perturbed small
vibration, the integration of (3.2) may result in a finite rotation. We note here that if a = b and
if m; = my = mj3, three particles form an equilateral triangle. By using the approximation
q(t) = qo+en(t), the rotation angle caused by the periodic solution can be calculated. In fact,
in view of the connection form which has the R (e;)-component only, we may set g = ¢’ R,
Then, equation (3.2) reduces to
de

dng
— = § A = 4
" € 4 «(qo +en(t)) a (5.45)
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Figure 2. Rotation angle. Curve (a) shows the rotation angle derived by (5.45), while curve () is
obtained by the integration of (5.42). A cycle means the period of a small vibration. The angle 6
is measured with the unit of 10~ rad.

where A, (q) = Ly (g)R(e;). This equation is easily integrated to give a rotation angle, which
can be interpreted as a contribution of the non-vanishing curvature (see (2.21)) on account of
the Stokes theorem. An example of the numerical integration of the above equation is given
in figure 2 with the graph of 6(¢).

6. Linear triatomic molecules

We recall that the collinear configurations form the stratum M; which is the boundary
of the principal stratum M. To study boundary behaviour of a many-particle system in
a neighbourhood of a collinear configuration in an explicit manner, we work with small
vibrations of a linear triatomic molecule. The method of variational vectors on M /SO(3),
which we explained in section 3, fails to apply. This is because the shape space M;/SO(3)
for the collinear configurations of a triatomic molecule forms the boundary of the total shape
space M /SO (3). To see this, we recall that the projection 7 : M — M /SO(3) is realized by

wy = |12 = |72, wy =21y -7, w3 =2l x 7, (6.1)
and that the whole shape space is homeomorphic with the closed half space [12, 13],
M/SO(3) = {(w, wa, w3) € R¥|w; > 0. 6.2)

For collinear configurations, one has ws = 0, which determines the boundary plane, so that
the tangent space to M/SO(3) at a boundary point should be also homeomorphic with the
closed half space. This prevents us from taking a variational ‘vector’ n at a boundary point.

Let xg = (ae3, be;) € My,a > 0,b > 0, be an equilibrium configuration. Rotational
vectors at xg are given by

u; = R(ey)(aes, bes) = —(aey, bey), (6.3a)
uy = R(ey)(aes, bes) = (aey, bey), (6.3D)

which form an orthogonal basis of V,, = Ty, (Oy,). Note that R(e3)(aes, bes) = 0.
Vibrational vectors which are orthogonal to u;, u, are given by
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Figure 3. Vibrational vectors at a collinear configuration.

v = (bes, —ae3), (6.4a)
vy = (aes, bes), (6.4b)
vy = (bey, —aey), (6.4¢)
vy = (bey, —aes), (6.4d)

which form an orthogonal basis of H,, := ij We have to note that v; and v, are tangent to
M, but v3 and vy are transversal to M;. This means that v, v, and v3, v4 describe stretching
and bending modes, respectively.

A question arises as to equations of motion for four modes. The bending motion brings
a linear molecule into nonlinear configurations, and we have only three vibration modes for
nonlinear configurations. How can one obtain equations of motion for a linear molecule with
four vibration modes?

We recall here that the position vectors (x;, &3, £3) and the Jacobi vectors (r, r;) are
related by (5.1) and that the tangent vectors (&1, &, @3) and (71, 1) are related likewise.
For the vibrational vectors v;, j = 1,2, 3, 4, the component tangent vectors (v, v, v3) at
respective particles can be described like (5.5). Since it is easy to find them, we do not write
them, but give their figures only in figure 3.

The vectors v;, j =1, ..., 4, give rise to small displacements of the Jacobi vectors at the
collinear configuration xo = (aes, be3);

4
Gri,6m) =) njv;, (6.5)
—
where ¢ is an infinitesimal parameter, and n;, j =1,...,4, denote the Cartesian coordinates

in H,,. From the definition of v;, the §7 and &7, are expressed as

8ry = e((bn| +an)es + bnse; + bne,), (6.6a)
8y = e((—an; + bny)es — anye; — anjer). (6.6b)

Though the isotropy subgroup e'®©) at x; leaves x, fixed, it has a non-trivial action on
the tangent space 7y,(M). In particular, it acts on the subspace H,, as follows:
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e'RE)y, =y, (6.7a)
e RE)y, = v,, (6.7b)
e Ry = vy cost + vy sint, (6.7¢)
e Ry, = —vysins + vy cost. (6.7d)

This implies that the vibration modes v3 and v, are identical with each other in the sense that
one of them may be realized by rotating the other one under the action of e/®(¢3), This implies
that three modes, say, vi, vz, v3, suffice for describing independent small vibrations in a small
neighbourhood of xy = (aes, bes).

In the same manner as that for nonlinear molecules, we can express the small increments
8qq. ¢ = 1,2,3, in terms of 7). We treat the collinear configurations as the limit of
nonlinear configurations as g3 — 0 (see (4.6)). From the first two equations of (5.9) with
(g1, 92, q3) = (a, b, 0), we obtain

3q1 = e(bn| +any), 3qa = e(—an; +bnp). (6.8)
To express 3q3, we need a limiting procedure. The third equation of (5.9) is differentiated
to give
2 rLX Ty
q1938q1 + q18q3 = (81 X T2+ 71 X 8T2) - ————|71]. (6.9)
[Py X 73]
We wish to make g3 tend to zero in this equation. Since we work with vibrations,
the total angular momentum vanishes, 7y X 7; + 7, X #, = 0, and hence we obtain
(r1 x rp) -7 = (r; X ) - 7, = 0, which implies that vibrations take place in a constant
plane [13]. This fact has been known in celestial mechanics [14]. On account of the symmetry
around the esz-axis of the collinear configuration, we may choose the plane of vibration to be
the one spanned by e3 and e, and set

T X Ty = qi193€). (6.10)
Owing to this equation, we are allowed to take

T X 7T .

7"'“1' — aep if (611, q2, 613) g (asbvo)‘ (611)

71 X 72|

Hence, equations (6.6), (6.9) and (6.11) are put together to give, as (g1, q2, g3) — (a, b, 0),

2+b2
85q3 = —& (a ) . (6.12)
a

Introducing 7, by setting 8q, = eny, @ = 1,2, 3, we obtain

m = bn\ +an, (6.13a)

m = —an; +bny, (6.13b)
a? + b?

m=—— . (6.13¢)

We have to make a remark on the range of n3. In order that the limiting procedure be valid
in the shape space, 1 should be taken as a tangent vector to M/SO(3) at go € M,/SO(3).
However, the tangent space T,,(M/SO(3)) as well as the shape space M/SO(3) are
topologically the closed half space (see (6.2)). Hence, the range of n3; should be restricted
to 3 > 0 (see (5.9)), but nj is not restricted. To make (6.13) valid for n3 unrestricted, we
have to extend the tangent space T,,(M/SO(3)). To this end, we make another projection
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(r1, ) — (wy, wy, —w3) to form a copy of the shape space, and piece it together with
the original one along the boundary plane. We then obtain a doubled shape space which
is homeomorphic with the whole space R®. Thus, we are allowed to extend the tangent
space T, (M/SO(3)) to be homeomorphic with R3. If this procedure is taken into account,
equation (6.13) is regarded as a transformation rule in the extended tangent space
qu (M/SO(@3)) or in a doubled neighbourhood of g.

We now turn to the equation of small vibration. From (4.10), the metric tensor (aqg) at
the point (q1, g2, g3) = (a, b, 0) is given by

1 0 0
G = (aaﬁ) = O 1 (1 . (614)
00
Let M = (%),a,k = 1,2,3 along with (6.13). Then, the metric tensors, G and G’,

evaluated at (¢, ¢2, ¢3) = (a, b, 0) with respect to the coordinates (n,) and (7,,) are related
by G = M G’'M, so that one obtains

! 1
Cat+b?’
where [ is the 3 x 3 unit matrix.

Since v], given in (6.4) are orthogonal, we might think of the potential function for small
vibrations as being given in H,, by

S(kEMD? + k35 + k3 ()% + (D). (6.16)

However, on account of the fact that the plane of the small vibration is constant and of the
e'R(e)_symmetry, we should regard the potential function as being given by

V= 3(kF ) + 15 ()7 + k3 (1)), 6.17)

which projects to a function on a neighbourhood of gy = m(xg). We have to note that
n,.a =1,2,3, are viewed as local coordinates in a neighbourhood of gy, if the extension of
the shape space is taken into account.

We may now make g3 — O in the equation of small vibration (3.4) for a nonlinear
molecule to obtain the equation of small vibration in a neighbourhood of a collinear shape.
The resulting equation of small vibration for a linear molecule is put in the same form as (5.13)

2 2
d—”:—G—lwn, W::( i ) a,Bp=1,2,3, (6.18)
dr? 90 0np

but G and W are a bit different from those in (5.13); G is given by (6.14) and W results
from (6.17) along with n” = Mn. Equation (6.18) is diagonalized in terms of n’ = Mn. The
equation of small vibration for 7 is the same as that for n} because of the e'® (€3)_symmetry,
where 17 is regarded as a coordinate in H,,.

Now we are interested in rotations caused by small vibrations. In what follows, we
consider that the extension of the shape space is already performed and the extended cotangent
space is denoted by Tq’; (M /SO0 (3)) at the boundary point gy € M;/SO(3). Now, we are to find

a periodic solution, following Moser’s averaging procedure. Since G'~" and W’ for a linear
molecule are of the same form as those for a nonlinear molecule, the S' action determined by
the small vibration is given by the same equation as (5.20). In the case of a linear molecule,
the local coordinates in question are given by

G (6.15)

(q1, 92, q3) = (a, b,0) + (1, N2, n3), (p1, P2-p3) = €(&1, 82, §3), (6.19)
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which is a bit different from (5.21). The (7, ¢) and (17, ¢’) are related by

b —a O
"=M = mMTH)™! - a b 0 (6.20)
r’ - 771 { - é‘v —_— a2 +b2 O 0 . .
—dad

We take the potential function V as the same as (6.17). Like (5.23), the Hamiltonian is
expanded into e 2H = H, + ¢Hs + & Hy + - - -, where

1 2 2 2] 1 72
H2:§<(a +b)2a:na+a2+b22a:;a), (6.21)

3= m(—a’ﬂ o +ms(at] — b))y, (6.22)
1

H=———"F—
4 2a*(a? + b?)

((a* +b*)*nf (ag] — bgy)? (6.23)
—a((a® + 2™} + abny)ny(at] — bg)ch +a’n|((a* + 3b*)n| +2abny)ei?).  (6.24)

The averages of H, and of H; are the same as (5.30). The average of H, is given by

H, (a*@® +2bH) Eq + b*(2a® + bY) Ex) Exs

= 16a*(a? + b2)(
+2(3a*(a® +2b*) L3, — 4ab’ L3 Ly + b*L3,)). (6.25)

We may take E;, Ex, L3j, L3, as local coordinates in the orbit space. It then follows that if
the matrices

2a%(@? +2b%)  a* +4a*b* + bt
A== (a4 +4a’p> +b* 2b*(2a% +b?) ) ’ (6.26)
3a%(a® +2b%) —2ab?
B =4 ( a3 b ) (6.27)
are both non-degenerate, a critical point p of H is given by
E —b*(2a® + b?) (6.284)
= s . a
T @+ (@@ - )
By — a*(a* +2b?%) (6.285)
2T @b @ —b2) '
L31 = L32 = 0, (6286‘)
and it is non-degenerate on account of
— 1 A 0
Hess H4 = m (0 B) . (629)

Thus, there exists a periodic solution (g(¢), p(t)) in a neighbourhood of I1~'(p), where
Mm: $° — $°/sh.

As was pointed out already in section 4, the matrix functions A, (g) remain to be defined
if g3 — 0. Then we may deal with equation (3.2) in the limit as g3 — 0. It then turns out
that, like nonlinear molecules, no effective rotation is caused by small vibrations at the order
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O (g). We turn to the expansion (5.42) with the periodic solution (¢(¢), p(¢)) found above.
We assume here that the ¢(¢) is approximated by ¢ (1) = go + eM '/ (t) with

ny () = c; sint, n,(t) = ¢y sint, n5(t) = c3cost. (6.30)
Then, after a straightforward calculation, we obtain
3 dA 2nm
e —(qo) / Npie dt = —2necic3m R(ey). 6.31)
opel 9qp 0

From this, we observe that the quantity en becomes of order O (1) for a sufficiently large n.
This implies that after a sufficiently large number of periods of the perturbed small vibration
the linear molecule may get rotated by an finite angle.

7. Remarks on boundary behaviour

In this section, we make some remarks on boundary behaviour in the shape space for the
three-body system. We first consider a geodesic passing xo = (aes, be;) € My att = 0,
which is expressed as x (1) = xo + Zj:o vjc;t or

r1(t) = bestey + begtes + (a + (bey +acy)t)es, (7.1a)

ro(t) = —acszte; — acstes + (b + (—acy + bey)t)es. (7.1b)

The line x (¢) is horizontal, since 7| () x 71(¢) + r2(t) x 72(¢t) = 0, as is verified easily. We
now calculate the vector product r; X 7, to obtain

w3 (t) = 2|7 x ra| = 2(a* + b)),/ 3 + 2t (1 + eat)], (7.2)

which vanishes at t = 0 and t = —1/c,. This means that the projected curve w(t) = 7w (x(¢))
with ¢ # 0,¢ # —1/ca, which is a geodesic in M /SO (3) with respect to the metric (aup),
reaches boundary points of the whole shape space M/SO(3) whent = 0 and t = —1/c;.
Hence, the Riemannian manifold M /SO (3) is not geodesically complete. The geodesic w(t)
bounces on the boundary plane. The one-sided tangent vector to w(¢) at + = 0 is easy to
calculate:

w;(—=0) = w;(+0), j=12, —w3(—0) = w3(+0). (7.3)

The same equations are obtained for t = —1/c,. Thus, we observe that the one-sided tangent
vectors 1 (+0) and w(— 2 + 0) are the reflections of w(—0) and of w(— — 0), respectively.
In the doubled shape space (stated in section 6), the geodesic w(z) passes the boundary to get
into the region of w3 < 0.

We turn to a small vibration given by x(¢) = xo + Z‘}:l r;;. (t)v; for a linear molecule,

which projects through (6.1) to a curve in the shape space:

wi(t) = (b* — a®) (| ()" — 0y (D) + 05 (@)% + 0y (1)) + dabn ()0 (1)

+dabn| (1) +2(a* — b, (1) +a* — b?, (7.4a)
wa(t) = —2ab(n| (1)> — ny(1)* + n5(0)* + 1, (1)%) + 26> — a*)n’ (1) (1)
+2(b* — a*)n(t) + dabn)(t) + 2ab, (7.4b)

wi(t) = 2(a” + b1+ 05 (1) |y n5 (2 + 0y (1)2. (7.4¢)

These equations show that a small vibration projects to an oscillation bouncing on the boundary
plane w3 = 0. If we take the doubled shape space into account, the projection w(¢) becomes an
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oscillation passing the boundary with sgn w3 alternating. From (7.4), we observe further that
small vibrations which have the same 7} ®)? + n (t)? project to the same curve 7 (x(¢)) in the
shape space. In particular, small vibrations x (f) = xo + n5(t)vs and y(¢) = xo + 1, (t)vs with
[n5(t)| = |ny(2)| share the same projection in the shape space. This implies that the bending
modes, v3 and vy, related by the symmetry e'®©) are not distinguishable, when projected on
the shape space.
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